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Abstract. We solve the Kato square root problem for bounded measur- 
able perturbations of subelliptic operators on connected Lie groups. The 
subelliptic operators are divergence form operators with complex bounded 
coefficients, which may have lower order terms. In this general setting we 
p ! | deduce inhomogeneous estimates. In case the group is nilpotent and the 

subelliptic operator is pure second order, then we prove stronger homoge- 
neous estimates. Furthermore, we prove Lipschitz stability of the estimates 
under small perturbations of the coefficients. 
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(N : 1 Introduction 

> 

£T) • The Kato problem in R d was a long standing problem which was solved by Auscher, 
Hofmann, Lacey, Mcintosh and Tchamitchian [AHLMT] in 2002. The papers of Hofmann 
|Hof] and Mcintosh [McI2] and the book by Auscher and Tchamitchian [AT] provide a 
narrative of the resolution of Kato's conjecture. This problem was recast in terms of the 
functional calculus of a first-order system by Axelsson, Keith and Mcintosh in [AKM1] 
and |AKM2j . which together provide a unified first-order framework for recovering and 
extending some results concerning the harmonic analysis of strongly elliptic operators. A 
^ ! version of the Kato problem was presented by Morris for manifolds with exponential growth 
in [Mor], and another version on metric measure spaces with the doubling property was 
presented by Bandara in [Ban] . The main aim of this paper is to present a solution to the 
Kato problem for subelliptic operators on Lie groups. 

Let G be a connected Lie group with Lie algebra g and (left) Haar measure fi. All 
integration on G is with respect to the (left) Haar measure and the norm is the L 2 - 
norm, unless stated otherwise. Let a\, . . . , a m be an algebraic basis for q, that is, an 
independent set which generates q. Let L be the left regular representation in L 2 (G). So 
(L(x)f)(y) = /(x^y) for all x G G, f G L 2 (G) and a.e. y G G. For all k G {1, . . . , m} 
let Ak be the infinitesimal generator of the one-parameter unitary group t i— >■ L(exptafc). 
Then Ak is skew-adjoint. Define the Sobolev space W[ 2 {G) = HfcLi D(Ak) with norm such 
that 

m 

n 2 (c) = ll/ll 2 + £p fc /ll 2 - 
fe=i 
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Then W[ 2 {G) is a Hilbert space since is closed for all k. Note that W[ 2 {G) depends 
on the choice of the algebraic basis and if confusion is possible, then we write W[ 2 {G, a). 
Clearly C~(G) C W[ 2 (G), so W[ 2 (G) is dense in L 2 (G). 

Next, for all k, I G {1, . . . , m} let bki, h, b' k , b G L 00 (G). Assume there exists a constant 
k > such that the following Garding inequality holds: 

m mm 
fc,J=l Z=l fc=l 

m 

> K (^P fcM f+|| M || 2 ) 
fe=l 

for all u G VF{ 2 (C)- Then the inhomogeneous divergence form operator 

m mm 

H I = -J2 A k hi A l + J2 b i A i-J2 Akb 'k + b o I 

k,l=l 1=1 k=l 

is a maximal accretive operator on L 2 (G) of type ui for some u G [0, |). So — fZj generates 
a bounded semigroup on L 2 {G). 

It is easy to see that ([Tj) holds under the homogeneous Garding inequality 

m m 

Re^2(b M Aiu,A k u)>K^2\\A k uf (2) 

fc,Z=l k=l 

with a possible change in k, provided a large enough positive constant is added to bo- For 
example, if 

m 

ReJ2 b ki^kli>^\^\ 2 
k,i=i 

a.e. for all (eC m , then © is valid. 

Furthermore, let b G L 00 (G) and suppose there exists a constant «i > such that 
Re 6 > K\ a.e. Then bHi is an a)-sectorial operator on L 2 (G) for some a; < tt, so it has a 
unique square root y/bHj which is |u)-sectorial and satisfies (y/bHf) 2 = bHj. 

The main theorems of this paper are as follows. The first one is the solution of the 
inhomogeneous Kato problem for subelliptic operators. 

Theorem 1.1 Let G be a connected Lie group and suppose that a±, . . . , a m is an algebraic 
basis for the Lie algebra g of G. Let 

m mm 

H I = -J2 A k hi At + J2 b i A i~J2 Ak h 'k + hl 

k,l=l 1=1 k=l 

be a divergence form operator with bounded measurable coefficients satisfying the ellipticity 
condition ([I]). Let b G L^G) and suppose there exists a constant k,\ > such that 
Reb > K\ a.e. Then D{\fbHj) = W' l2 {G) and there exist c,C > such that 

m 

ciwVbHmW + H) < hi + W A * U \\ < c (\\VbWiu\\ + Hi) 

k=i 

for allue W[ 2 (G). 
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For connected nilpotent Lie groups, or more generally, for Lie groups G which are the 
local direct product of a connected compact Lie group K and a connected nilpotent Lie 
group N, a homogeneous result is also valid. (To say that G is the local direct product of 
K and N means that G = K ■ N and K n N is discrete. Equivalently, the Lie algebra of 
G is the direct product of the Lie algebra of K and the Lie algebra of N.) 

Theorem 1.2 Let G be the local direct product of a connected compact Lie group and a 
connected nilpotent Lie group. Let 

m 

H = -J2 A k hi At 

k,l=l 

be a homogeneous divergence form operator with bounded measurable coefficients satisfying 
the subellipticity condition ([2]). Let b G L 00(G) and suppose there exists a constant Ki > 
such that Re 6 > K\ a.e. Then D(ybH) = W[ 2 (G) and there exist c, C > such that 

m 

c\\Vb~Hu\\ <^||A fc u|| <C\\VbHu\\ 

k=l 

for allue W[ 2 (G). 

Lie groups of the above mentioned type necessarily satisfy the doubling property. We 
do not know whether the doubling property itself implies homogeneous bounds, except in 
the special case when the algebraic basis ai,...,a m is actually a vector space basis. In 
other words, when H is strongly elliptic rather than subelliptic, then the conclusion of 
Theorem 11.21 does hold on all Lie groups with polynomial growth. For vector space bases 
we drop the prime and write W\$(G) = W{ 2 (G) and W 1)2 (G,a) = W{ 2 (G,a). 

Theorem 1.3 Let G be a connected Lie group with polynomial growth and suppose that 
ai, . . . ,a m is a vector space basis for the Lie algebra g of G. Let 

m 

H = -J2 A k hi A 

k,l=l 

be a strongly elliptic homogeneous divergence form operator with bounded measurable coef- 
ficients satisfying the ellipticity condition (j2J). Let b 6 L QO (G) and suppose there exists a 
constant K\ > such that Re 6 > Ki a.e. Then D(\/bH) = W\^(G) and there exist c,C>0 
such that 

m 

c\\VbHu\\ < ^2\\A k u\\ < C\\VbHu\\ 

k=l 

for allue W lj2 (G). 

In Section [3] we prove the homogeneous bounds, first those in Theorem 11.21 The alge- 
braic basis provides a canonical distance d that is well suited for the study of subelliptic 
operators. Then (G, d, fi) is a metric measure space. The proof is achieved by building 
upon the results of Bandara |Ban] who adapted the earlier framework of |AKM1] to the 
situation of metric measure spaces. 
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The situation in Theorem 1 1 . 31 requires more substantial innovations in the proof, involv- 
ing the structure theory of Lie groups as developed by Dungey-ter Elst-Robinson [PER] . 
Note that we cannot directly apply homogeneous estimates for second-order derivatives of 
the form \\A k Aiu\\ < C||Aw|| where A is the (sub-)Laplacian, as typically used in proofs of 
the Kato estimates. Indeed these homogeneous estimates HA A^|| < C||A«|| for second- 
order derivatives are false for G, if G is a connected Lie group with polynomial growth 
which is not a local direct product of a connected compact Lie group and a connected 
nilpotent Lie group. (See [ERSj Theorem 1.1.) 

In Section 4 we turn to the proof of the inhomogeneous estimates as stated in Theorem 
11.11 The Haar measure is at most exponential in volume growth of balls, so we are in a 
position where we can adapt the results of Morris |Morj who obtained Kato estimates on 
complete Riemannian manifolds which satisfy a similar exponential growth condition on 
the volume of balls. Indeed his methods work for an arbitrary Borel-regular measure. 

In Section [5] we consider some variants of the inhomogeneous results, while in Section 
[6] we state and prove a Lipschitz estimate of the form (in the homogeneous case) 

\\yf(b + ~b)Hu - VbHu\\ < CdHU + £ HMUII Vw|| , 

where 

m m 

H = -^A k b kl A l and H = - A (hi + hi) A , 

k,l=l k,l=l 

under small bounded perturbations b, b k \ of the coefficients. 



2 Preliminaries 

In this section we gather some background material on Lie groups and operator theory 
that will be used throughout the paper. 

2.1 Lie groups 

We use the notation as in the introduction. In particular, a%, . . . , a m is an algebraic basis 
for the Lie algebra g of a connected Lie group G. 

For all k e {1, . . . , m} and x G G define X k \ x G T X G by 

X k \ x f = ^-f((expta k )x) 

at t=o 

Then X k is a smooth right invariant vector field on G. Note that A k f = —X k f for all 
/GCT(G). 

The space L 2 (G, C m ) has a natural inner product. Define the unbounded operator V 
from L 2 (G) into L 2 (G, C m ) by D(V) = W[ 2 (G) and 

(V«)(x) = ((A lU )(x), . . . , (A m u)(x)) 

for a.e. x G G. Then V is densely defined and closed, since A k is closed for all k G 
{1, . . . , m}. We denote its adjoint by — div. Thus div = —V*. 
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Define the sesquilinear form J: W[ 2 {G) x W[ 2 {G) -> C by 

J\f,g] = (Vf,Vg). 

Then J is a closed positive symmetric form. Let A be the self-adjoint operator associated 
with J. We call A the sub-Laplacian (associated with the algebraic basis ax,... ,a m ). 
Clearly A = — div V. There is another simple identity for A. 

Proposition 2.1 One has A = - J2T=i A l with D ( A ) = fT=i D ( A D- Moreover, D(A) = 
C(ki=i D(A}~ Ai) and there exists a constant Cx > such that 

m 

\\A k A l u\\ 2 <Cxmu\\ 2 + \\u\\ 2 ) (3) 

k,l=l 

for allu eD(A). 

Finally, ifG is the local direct product of a connected compact Lie group and a connected 
nilpotent Lie group, then there exists a constant C 2 > such that 




Au\\ 2 < \\AkA lU \\ 2 < C 2 \\Au 



for all ueD(A). 

Proof It is proved in ter Elst-Robinson [ER2] Theorem 7.2.1 that A := A| n m n(AhAi) 
is a closed operator and in the proof it is shown that Ao = A (with same domains) . More- 
over, ter Elst-Robinson [ER3] Theorem 3.3.III gives f)™ l=1 D(A k A t ) = f)™ =1 D(A 2 ). Then 
estimate ()3]) follows from the closed graph theorem. The final equivalence of seminorms is 
proved in ter Elst-Robinson-Sikora [ERSJ Proposition 4.1. □ 

Define 

W[ 2 {G, C m ) = {x^(ux(x),..., u m {x)) :ux,...,u m e W^G)} c L 2 {G, <C m ). 

Next, the space L 2 (G, C™ 2 ) has a natural inner product. Define the unbounded operator 
V from L 2 (G, C m ) into L 2 (G, C™ 2 ) by D(V) = W{ 2 (G, C m ) and 

(V/)(x) = ((A kUl )(x)) (4) 

\ / kl 

for a.e. x G G, if f(x) = (ux(x), . . . ,u m (x)) for a.e. xeG. 

Remark 2.2 To satisfy our readers with a geometric appetite, we make the following 
geometric remark. Recall the notion of a connection V over a vector bundle V. This 
is an operator V-.C^V) -> C^^G <g> V) satisfying V /X (Y) = f\7 x Y and V x (fY) = 
X{f)Y + fV x Y for all / G C 00 (G), X e C^T^G) and Y e C M (V). Now, given a sub- 
bundle E C T*G, we can define a sub-connection V:C 00 (l / ) — > Coo(E ® V) to mean 
that it satisfies the above properties but with the condition on X being that X e C 00 (£'). 
Our philosophy in this paper stems from an observation that we can construct a sub- 
bundle E on which our subelliptic operators are strongly elliptic. Since Lie groups are 
parallelisable, and for the benefit of a wider audience, we refrain from using the language 
of vector bundles in this paper. However, we refer the reader to |BMcj . where the first and 
third authors provide a solution to a version of the Kato square root problem for certain 
uniformly elliptic second order operators over a class of vector bundles. 



5 



We also need a subelliptic distance on G. Let 7: [0, 1] — > G be an absolutely continuous 
path such that j(t) G spanjXi^^), . . . ,X m \^} for a.e. t G [0, 1]. Define the length of 7 



if 7(i) = X^fcLi 7 fc (^) ^It(*) f° r a - e - * ^ [0) !]■ Since G is connected it follows from a theorem 
of Caratheodory |Carj that for all 1,1/ 6 G there exists such a path 7 with finite length 
and 7(0) = x and 7(1) — y. If x,y e G then we define the distance d(x, y) between x and 
y to be the infimum of the length of all such paths with 7(0) = x and 7(1) = y. Then d is 
a metric on G. For all x G G and r > 0, let -B(x, r) = {y G G : y) < r}. If 2 = e, the 
identity element of G, then we write -B(r) = -B(e, r). Then -B(x, r) = B(r)x for all x G G. 

Proposition 2.3 

I. T/ie topology on G is the same as the topology associated with d. In particular, the 
open balls are measurable. 

II. The metric space (G,d) is complete and the closed balls B(x,r) are compact. 

III. There exist c, G > and D' G IN such that cr D ' < p(B(r)) < C r D ' for all r G (0, 1]. 

IV. There exist G > and A > such that p(B(r)) < C e Xr for allr>\. 

Proof For a proof of Statement [J see [VSC] Proposition III. 4.1. 

Statement [TT] follows from the discussion in Section III. 4 in [VSC] and the fact that 
every locally compact metric space is complete. 

Statement II I II is a consequence of Nagel-Stein-Wainger |NSW] Theorems 1 and 4. 

The last statement is proved in Guivarc'h [Gui] Theoreme II. 3. □ 

A metric measure space (X, p, v) is a set X with a metric p and a measure v on the 
Borel a- algebra of X induced by the metric on X . The metric measure space is said to 
have the doubling property if there exists a constant c > such that < u(B(x, 2r)) < 
cv(B(x,r)) < 00 for all x G X and r > 0. It is called locally exponentially doubling 

if there exist k, A > and G > 1 such that 



for all x G X, r > and t > 1. It follows from Proposition I2.3IH1 that the triple (G,d,p) 
is a metric measure space. We say the Lie group G has polynomial growth if there 
exist DeK and c > such that p(B(r)) < cr D for all r > 1. Recall that the modular 
function on G, which we denote by S throughout this paper, is the function 8: G — > (0, 00) 
such that p(U x) = 5(x) p(U) for every Borel measurable U C G and x G G. It is a 
continuous homomorphism. The group G is called unimodular if 5(x) = 1 for all x G G. 

Proposition 2.4 

I. TTie metric measure space (G, <i, /i) zs locally exponentially doubling. 

II. TTie Lze group G has polynomial growth if and only if the metric measure space 
(G, d, p) has the doubling property. If G has polynomial growth then there exist 
c, G > and DgIo such that cr D < p(B(x, r)) < G r D for all x G G and r > 1. 



by 




< u(B(x,tr)) < Ct K e xtr v(B(x,r)) < 00 
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Proof Hf. It follows from Statements III II and IIVI of Proposition 12. 31 that there exist C > 1, 
A > and D' G IN such that < p{B{tr)) < C t D ' e xtr /i(B (r)) for all r > and t > 1. 
Then for all £ G G, r > and £ > 1 one has 

< fi(B(x,tr)) = n(B(tr)x) = 6(x) p(B(tr)) 

< C 8{x) t D ' e xtr fi(B(r)) = Ct D ' e xtr fi(B(x, r)). 

So the metric measure space (G, d, p) is locally exponentially doubling. 

inf . Clearly volume doubling implies polynomial growth. Conversely, suppose that G 
has polynomial growth. Then it follows from Guivarc'h [Gui] Theoreme II. 3 that there 
exist c, C > and DeHj such that cr D < p(B(r)) < C r D for all r > 1. Moreover, G 
is unimodular by |Guij Lemma 1.3. Therefore p(B(x,r)) = p(B(r)x) = p(B(r)) for all 
x G G and r > and the volume estimate follows. Together with Proposition 12.3111111 it 
follows that there exists a constant d > such that p(B(2r)) < d p(B(r)) for all r > 0. 
Therefore the metric measure space (G, d, p) has the doubling property. □ 

If 7] is a scalar valued Lipschitz function r\ on a metric space (X,p) without isolated 
points, then we denote by Lip rj the pointwise Lipschitz constant 

/ t * w x ,. -r)(y)\ 

[Lip rj){x) = hmsup r 

y^x p{x,y) 

whenever x & X. 

Let lP~' be the left regular representation in Li(G) and for all k G {l,...,m} let 
A£ be the infinitesimal generator of the one-parameter group t h- > L^\expta k ). Let 
= —(Aft)* be the dual operator on L ao (G). One has the following relation with 
Lipschitz functions. 

Proposition 2.5 

I. The space f)™ =1 D(A^) is the space of all bounded Lipschitz functions on G. 



II. Ifv e nZiD(At ] ), then Er=i(4%) 2 < (LiP^) 2 



a.e. 



Proof Statement [I] follows as in Theorem 6.12 in |Heij . 

O. Let £ G R m with |f| = 1. For all t > define y t = exp(£ £™ =1 £ fc a fc ). Then 
d{yt, e) < t and if t is small enough then y t ^ e. Let x G G. Then for all t > with y t ^ e 
one has 



\v(y) -v{x)\ > h(yt^) - v(x)\ \vy%x) -y{x) 

y eB(x,t)\{x} d(y,x) ~ d(y t x,x) ~ t 



where is the left regular representation in L 00 (G). Now choose t = - with n G IN and 
note that 

m 

lim n(L(")(y-M - = - £ & 4°°^ 
weakly* in L 00 (G ! ). Therefore 

iLip^l^j^^^ 

fe=i 



k=l 
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a.e. This is for all (eR ra with |f | = 1. 

Let D be a countable dense subset of {£ G R m : |£| = 1}. Then there exists a nulset 
N C G such that 

m 

|(Lipi7)(a:)|>|£;e*(^)^)| (5) 

k=l 

for all x G G \ A" and £ G -D. Hence by continuity (jSJ) is valid for all a; G G \ iV and £ G R m 
with |£| = 1. Therefore 



|(Lipr;)(x)| 2 > ^ |(aJ. oc) 77)( 



x)| 2 



k=l 



for all x G G \ N. □ 



2.2 Operator theory 

For the convenience of the reader, we shall present some operator theoretic material which 
sits at the heart of both the homogeneous and inhomogeneous problems. 

First, we recall the theory of bisectorial operators. For all to G [0, V) define the 
bisector by 

S u = {( G C : | argC| < u or \n — &rg(\ < oj or ( = 0} 
and the open bisector by 

S° u = {C G C \ {0} : | argd < oj or |vr - argCI < oj}. 

Let % be a Hilbert space. An operator T:D(T) — > % with D(T) C H is then called 
w-bisectorial (or bisectorial with angle of sectoriality oj) if it is closed, cr(T) C S w , and 
for each oj < // < f , there is a constant > such that \(\ \\(( I — T)^ x \\ < for all 
( 6 C \ {0} satisfying | arg£| > \i and \ir — arg£| > \i. 

Remark 2.6 When T is cu-bisectorial, then T 2 is 2co>-sectorial (meaning that cr(T) C 
= {C e C : l ar gCI < 2w or £ = 0} and appropriate resolvent bounds hold) and 

hence T 2 has a unique cu-sectorial square root yT^. It may or may not happen that 

D(\/T^) = D(T) with homogeneous (||vT^w|| ~ ||^ M H) o r inhomogeneous (||-\/T^w|| + 
~ \\Tu\\ + \\u\\) equivalence of norms. The determination of such equivalences involves 

studying the holomorphic functional calculus of T and proving quadratic estimates. 

Let T be an w-bisectorial operator. Then one has the (possibly non-orthogonal) de- 
composition TL = Af(T) © 1Z(T) by a variation of the proof of Theorem 3.8 in Cowling- 
Doust-Mclntosh-Yagi |CDMY] . We denote by proj^^) the projection from H onto Af(T) 
along this decomposition. Bisectorial operators admit a functional calculus in the following 
sense [ADMj . For all /i G (0, ~) let *&(S°) denote the space of all holomorphic functions 
ip: S° — > C for which there exist a, c > such that 

\C\ a 



■ . ICI 2a 

for all ( G ty(S°). If /i > oj then for all ip G *&(S°) one can define the bounded operator 



2vrz / 
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where 7 is a contour in S° enveloping S u parametrised anti-clockwise. The integral here 
is simply defined via Riemann sums and this sum converges absolutely as a consequence 
of the decay of ip coupled with the resolvent bounds of T. If, in addition, there exists a 
constant C > such that ||^(T)|| < C \\ip\\oo for all ip G ^f(S°), then we say that T has a 
bounded holomorphic S° functional calculus. 

Define Hol°°(5'°) to be the space of all bounded functions f:S° U {0} — > C which 
are holomorphic on S 1 ". For all / G Hol°°(S'°) there exists a uniformly bounded sequence 
(■0n)neM in ^(5^) which converges to / on S° in the compact-open topology. If in addition T 
has a bounded holomorphic S° functional calculus, then lim n ^. 0O ip n (T) exists in the strong 
operator topology on £("H) by a modification of the proof of the theorem in Section 5 in 
Mcintosh |McIlj . and we define f(T) G £(%) by f(T)u = \im n ip n (T)u + /(0) proj^™ u 
for all u G %. The bounded operator f(T) is indeed independent of the choice of the 
sequence (ip n )nen- We then say that T has a bounded holomorphic if°°(S'°)-functional 
calculus. 

Define x ± - C ->• C by 

f 1 if ±Rez > 0, 

[ if ±Rez < 0. 

Moreover, define sgn = x + ~ X - Then x ± , s g n £ Hol°°(5'°) for all /i G (0, |). 

Next we recall some important facts from Axelsson-Keith-Mclntosh [AKMlj regarding 
quadratic estimates. We consider a triple (T,Bi,B 2 ) of operators in H. First, we quote 
the following hypotheses from this reference. 

(HI) The operator r:D(r) — > H is a closed, densely defined operator from D(T) C H 
into % such that K(T) C Af(T). So T 2 = 0. 

(H2) The operators B\ and B 2 are bounded on H. Moreover, there are K\,k 2 > such 
that 

Re(Biu, u) > K\ \\u\\ 2 for all u G 7£(r*), and 
Re(-E>2^, u) > n 2 \\u\\ 2 for all u G 72-(r). 

(H3) The operators B 1 and B 2 satisfy £ 2 (ft(r)) C J\f(T) and B 2 £i(ft(r*)) C Af(T*). 
Define n = T + T* and II B = T + B x T* B 2 . Then n is self-adjoint. If 

oj = — I arccos + arccos ) (o) 

2 V J I Si || || £?2 (I ' 

then it follows from Proposition 2.5 in jAKMl] that Ub is cu-bisectorial. Hence for alH > 
one can define the operator Qf = HIb(I + ^nfj) -1 G C(H). 

The following proposition highlights the connection between the harmonic analysis and 
bounded holomorphic functional calculus. 

Theorem 2.7 (Kato square root type estimate) Suppose the triple (T,Bi,B 2 ) satis- 
fies (H1)-(H3) and the operator Ub satisfies the quadratic estimate 

r°° dt 
I \\Qfuf d ^\\uf 

for all u G 1Z(Ub)- Then the following hold: 
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II. 



I. 



For all /i G (u, ~) the operator U B has a bounded holomorphic S° functional calculus 
where u is as in 1^). 

The Hilbert space admits the spectral decomposition 



u = Af(n B ) © k(u b ) = Af(u B ) © n( x + (n B )) © n( x -(n B )) 



in. 



where the sums are in general not orthogonal. 
One has D(H B ) = D(y/T^) and 



Tu\\ + \\B 1 r* B 2 u 



U B u 




for all u G D(H B ). 

Proof HI. This is contained in the proof of Proposition 4.8 in j Al\ Ml. 

UTT . The first equality follows from |AKM1] Proposition 2.2. The second equality follows 
from the bounded H°° functional calculus of U B . 

1III[ . This follows from Lemma 4.2 in [AKMlJ and again functional calculus. Essen- 
tially it uses the fact that sgn(IT s ) is bounded (byflj, along with the identities \/H 2 B u = 




3 The homogeneous problem 

In this section we prove the homogeneous subelliptic Kato problem by an application of the 
results in Axelsson-Keith-Mclntosh |AKMlj and Morris [Mor] (see also Bandara [Ban] ). 
Let (X,d, //) be the metric measure space and let (r,_Bi,_B 2 ) be the triple of operators 
in the Hilbert space % as in Subsection 12.21 We recall that for a scalar valued Lipschitz 
function r\ we denote by Lip 77 the pointwise Lipschitz constant. If no confusion is possible, 
then we identify a measurable function with the associated multiplication operator. 
The hypothesis that are required follows. 

(H4) The metric space (X, d) is complete and connected. The measure /1 is Borel-regular 
and doubling. Moreover, there exists a number 6 IN such that % = L 2 (X, C N ; fi). 

(H5) The operators B\ and B 2 are multiplication operators by bounded matrix valued 
functions, denoted again by Bi,B 2 G L co (A', C(C N )). 

(H6) There exists a constant C > such that for every bounded Lipschitz function 77: — ?► 
R one has 

(a) the multiplication operator rj I leaves D(T) invariant, and, 

(b) the commutator [r, r] I] is again a multiplication operator satisfying the bounds 





□ 



\([T, V I}u)(x)\<C\(Up V )(x)\\u(x)\ 



for a.e. x G X and all u G D(T). 
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(H7) For every open ball B in X one has 

Tu dji = and / T*v dji = 



for all u G -D(r) and v G _D(r*) with suppu C B and suppt> C B. 

(H8) There exist C u C 2 > 0, M G IN and an operator Z: C L 2 (^, C N ) L 2 (X, € M ), 

such that 

(a) d(u) nn(u) C 

(b) (coercivity) \\Zu\\ < C 2 ||IIix|| 
for all m G D(n) n ^(n), and, 

(c) (Poincare estimate) / \u — (u)b\ 2 dfi < C\ r 2 / \Zu\ 2 dfj, 

Jb Jb 

for all x G X, r > and it G -D(n) n 72.(11), where B = B(x,r) and (u) B ■— 
]I(B) L ud ^ 

Hypothesis (H6) implies that T behaves like a first order differential operator. 
The required quadratic estimates for the operator now follow almost from Theo- 
rem 2.4 in Bandara [Ban]. 

Theorem 3.1 Suppose (X,d,n), H and the triple (T,B 1 ,B 2 ) satisfy Hypotheses (Hl)- 
(H8). Then the operator n# satisfies the quadratic estimate 



r°° dt 



— IImII 2 



for all u G 72.(11,6 ) C H. Hence for all fi G (u, |), the operator U B has a bounded H°°(S°)- 
functional calculus, where u is as in (jH]) • 

Proof The change to (H8) only affects Proposition 5.9 in Bandara [Ban] . This change 
forces the weighted Poincare inequality Proposition 5.8 in [BanJ to become 

Hx)-u Q \ 2 (^^ M dn{x)< jjt(Zu)(x)\ 2 (^iy M dn{x) 

for all u G 72.(11) fl D(I1). Consequently, in the proof of Proposition 5.9 in [Ban] we can 
invoke our coercivity Hypothesis (H8) similar to the proof of Proposition 5.5 in [AKMlJ 
to obtain the same conclusion. The rest of the proof of Theorem 2.4 in [Ban] remains 
unchanged. □ 

For the proof of Theorem 11.21 we apply Theorem 13.11 Recall that in this case, G is 
the local direct product of a connected compact Lie group and a connected nilpotent Lie 
group. 
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Proof of Theorem 11.21 Choose X — G, with Haar measure and distance being the 
subelliptic distance. Let U = L 2 (G)®L 2 (G, C m ) = L 2 {G, C 1+m ). Define D(T) = W{ 2 (G)@ 
L 2 (G, C m ) and define T: D(T) -»■ H by 




Next let B be the multiplication operator on L 2 (G, C m ) by bounded matrix valued functions 
(&«)■ Define B X ,B 2 :U^U by 



Then 




and B 2 



and IT 




Note that II is self-adjoint. We next verify that Hypotheses (H1)-(H8) are valid. 

(HI) Since C%°(G) and therefore also W[ 2 (G) is dense in L 2 (G), and all the A k are closed 
operators, this hypothesis is obvious. 

(H2) Clearly B\ and B 2 are bounded. First note that 

He(S 1 (/,0),(/,0))= / 6|/| 2 >«i||/||i 2{G ) = «i||(/,0)||^ 

JG 

for all / G L 2 (G), and hence when f = — divw for all w G D(div). 
Second, if w G W{ 2 (G), then 

Re(5 2 (0, Vw),(0,Vw)) = Re / (BVw, Vw> > fc / \Vw\ 2 = k\\(0,Vw)\\ 2 h , 

JG JG 

where we used the Garding inequality (j2J). 
(H3) This trivially holds, since B\ B 2 = B 2 B x = 0. 

(H4) The metric space (G,d) is complete by Proposition I2.3IHT1 By assumption, G is con- 
nected. The Haar measure is Borel-regular by Sections 11 and 15 in [HRJ. Since G is 
the local direct product of a connected compact Lie group and a connected nilpotent 
Lie group it has polynomial growth. Therefore the metric measure space (G, d, fi) 
has the doubling property by Proposition 12.411111 



(H5) This is obvious. 

(H6) Let 7] be a bounded real valued Lipschitz function on G. Then rj G f)™ =1 D(A^) 
by Proposition I2.5IH1 Let u = (ui,u 2 ) G D(T). Then u\ G W[ 2 {G) and therefore 
j]U\ G W[ 2 {G). So i]u G D(T). Moreover, for a.e. x G G one has 

([T, V I}u)(x) = (0,(V( VUl ))(x)) - (0,( V V Ul )(x)) 

= (0, (A^vKx) Ul (x), . . . , (A£> V )(x) u m {x)). 
Hence |([T, 77 < (Lip rf) (x) \u(x)\ by Proposition I2.5HT1 
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(H7) Let B be an open ball in G and let u = (1x1,1x2) G D(T) with suppw C B. There 
exists a function x G C^°(B) such that x( x ) = 1 f° r a U x e suppw. Then 

/ Tix = (0, / Vui) = (0, / (Vui) x) = (0, (Aiui, x), ■ ■ ■ , x)) 

JB ,/_B 

= -(0, (ui, • • • , (wi, A mX )) = (0, 0). 

Similarly, let v = (fi,t> 2 ) G D(T*) with suppf C B. There exists a function x G 
C^°(B) such that x(#) — 1 f° r all £ G suppt>. Then 

/ r*u = (- / divu 2 ,0) = (- / divf 2 x,0) = (-(divv 2 ,x)L 2 ( G ),0) 

= ((«2,Vx)l 3( g,c™),0) = (0,0). 

(H8) Define the operator Z: £>(Z) -»■ L 2 (G, C m )©L 2 (G, C™ 2 )) ~ L 2 (G, <C m+m2 ) by £>(Z) = 
V^ >2 (G) © W^ j2 (G?, C m ) C H and 

Z(U!,U2) = (Viti, Vm 2 ) 

where V is defined in Let (1X1,112) G n 72.(11). Then there exists an element 

(t>i,t> 2 ) G -D(II) such that (1x1,1/2) = II (ui,!^)- This implies that 1/1, i>i G W[ 2 (G), 
1X2; ^2 G TJ(div) and, moreover, (1X1,1x2) = (— divt> 2 , Vt>i). Therefore Vt>i = ix 2 G 
TJ(div) and hence 



G TJ(divV) = D(A) = p| D^A, 



fei=i 



by Proposition EU So w 2 = V«i G IV^G, C m ). This implies that (1X1, ix 2 ) G D{Z). 
We proved that £>(II) n 72.(11) C D{Z). Moreover, if C 2 > 1 is as in Proposition O 
then 

m 

||Z(ui,m 2 )|| 2 = ||Viti|| 2 + ||Vix 2 || 2 = ||Vui|| 2 + \\AkA lVl \\ 2 

k,i=i 

< C 2 (\\V Ul \\ 2 + \\A Vl \\ 2 ) 
= C 2 (||Vixi|| 2 + ||div M2 || 2 ) 

= c 2 ||nK,n 2 )|| 2 . 

Finally, the Poincare estimate follows from (P.l) in Saloff-Coste-Stroock |SS] (page 
118). 

Now it follows from Theorem 13.11 that the operator Ub has a bounded H°° functional 
calculus. Since sgn G Ho\°°(S°) for all /x G (0, ~), one has D(U B ) = D(yTTj) and 
\\U B u\\ ~ livens 1 " 1 1 for all u G D(TIb) by Theorem EZEIl Note that 

,0 -6divS\ „ fbH 

IL3 = I and n| = 

V J \0 H. 
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where Hu = -V(6div(£u)) for all u G L 2 (G,C m ) with (0, u) G D(Tl 2 B ). Then 

W o 



\JEj 

and \\U B ( Ul ,U2)\\ 2 = IIV^II 2 + ||&div(5w 2 )|| 2 for all (u h u 2 ) G £>(n B ) = W[ a {G) 
_D(divo_B). Restricting to the scalar valued functions gives D(\/bH) = W[ 2 {G) and 
\\ybH u\\ ~ ||Vu||. This completes the proof of Theorem 11.21 □ 

We conclude this section with a proof of the homogeneous estimates of Theorem II .31 for 
homogeneous strongly elliptic operators on connected Lie groups with polynomial growth. 

Proof of Theorem 11.31 We use the structure theory for Lie groups with polynomial 
growth as developed in Dungey-ter Elst-Robinson [DERJ and summarised on pages 125- 
126. There exists another group multiplication * on G such that the manifold G with 
multiplication * is a Lie group, denoted by Gn, which is the local direct product of a 
connected compact Lie group and a connected nilpotent Lie group. Let Qn be the Lie 
algebra of Gn- Then qn = g as vector spaces. The Haar measure \l on G is again a 
Haar measure on Gn- Moreover, Wi^(G,a) = Wi^(Gn, a). There exist a Lie group 
homomorphism S: Gn Aut(gjv); an inner product (•, •) on Qn and an orthonormal basis 
&i, . . . , b m of Qn suc h that S(x) is orthogonal on q n for all x G G and 



(A k u)(x) = J2(S(x) b h a k ) (Bl N) u)(x) 



for a.e. x G G, k G {1, . . . , m} and u G W\p{G, a), where B[ N ^ is the infinitesimal generator 
of Gn in the direction 6;. Note that Wi^(G,a) = Wi^Gn, a) = Wi^Gjv, b) since both 
and bx,...,b m are vector space bases in g. Moreover, there exists a constant 
C > 1 such that 

YFL TYL Tin 

^En^ii^Eii^ii^^Eii^ii 2 ( 7 ) 

k=l k=l k=l 



for all u G W li2 (G, a). 
Now 

m 
fc',Z'=l 

as a divergence form operator, where 

fit 

Cfc'r(^) = ^(5(s)6 fc /,a fc )c fci (x) (S(x)bi',ai). 

k,l=l 

Using ([7]) it follows that H satisfies the assumptions of Theorem 11.21 with respect to the co- 
efficients cm, the group Gn and the basis bi, . . . , b m . Therefore \\V~bH u\\ ~ Y^k=i ll-^i^'"!! 
by Theorem 11.21 A further use of the equivalence ([7]) of the seminorms, completes the 
proof of the theorem. □ 
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4 The inhomogeneous problem 

To solve the inhomogeneous problem, we apply the results on quadratic estimates in the 
framework of Morris |Morj . with appropriate modifications, in particular to Hypotheses 
(H6) and (H8) of [Mor] . 

For us, this means we continue to use Hypotheses (H1)-(H3) from Section El and 
Hypotheses (H5), (H6) from Section [31 together with the following ones. 

(H4i) The metric measure space (X,d,n) is a complete, connected, locally exponentially 
doubling metric measure space with a Borel-regular measure \i. Moreover, there 
exists a number N G IN such that H = L 2 (X, C^; 

(H7i) There exists a constant c > such that for every open ball B in X with radius at 
most 1 one has 

/ Tudu < c fi(B)? \\u\\ and / PW/i < cfi(B)% \\v\\ 
Jb Jb 

for all u G D(T) and v G D(T*) with supp u C B and suppf C B. 

(H8i) There exist d, C 2 > 0, M G IN and an operator Z: D(Z) -»■ L 2 (^, C M ) with C 
L 2 = such that 

(a) D(n) mz(u) C 

(b) (coercivity) \\Zu\\ + < C*2 ||Hu|| 
for all u G D(TV) n ^(n), and, 

(c) (Poincare estimate) / |w — (m)b| 2 d/i < Ci r 2 / (\Zu\ 2 + \u\ 2 ) dji 

Jb Jb 

for all x G X, r G (0, oo) and u G -D(n) n K(U), where S = r). 

Remark 4.1 For any r > 0, the Poincare estimate in (H8i) is valid uniformly for all 

r > r . 

We are now able to formulate the theorem on quadratic estimates for the inhomogeneous 
operators. 

Theorem 4.2 Suppose (X,d,fi), H and the triple (T,Bi,B2) satisfy Hypotheses (HI), 
(H2), (H3), (H4i), (H5), (H6), (H7i) and (H8i). Then the operator Ub satisfies the quadratic 
estimate 

r x J i 



f°° dt 



\u\ 



for all u G 7Z(Hb) C LiiX, C ). Hence Ub has a bounded H°° -functional calculus. 

Proof First, we note that for all non-empty subsets E, F on any metric space X satisfying 
d(E, F) > one can find a Lipschitz function r\: X — > [0, 1] such that rj = 1 on E, rj = 
on F, and Lip rj < l/d(E,F), where Lip 77 is the Lipschitz constant of 77. Also observe 
that all the smooth cutoff functions used in Morris [Mor] can be replaced by Lipschitz 
equivalents, in particular allowing us to obtain off-diagonal estimates in the present case. 



15 



Next, our alteration to (H6) and (H8) allows us to dispense with the use of the Sobolev 
spaces with respect to the Levi-Civita connection in |Morj and simply consider 72,(11) fl 
D(U). Explicitly, the weighted Poincare inequality in Lemma 5.7 of |Mor] is altered to 
read \\Zu\\ instead of ||Vw||, and by coercivity, Proposition 5.8 in |Mor] holds. Then 
Proposition 5.2 in |Mor] holds, since we still have ||w|| < [ | H-ti 1 1 . Finally, we observe that 
the measure merely needs to be locally exponentially doubling and Borel-regular. □ 



Now we are able to prove Theorem II. 1[ using ideas from |Mor] , which have their roots 
in |AKM2j . 



Proof of Theorem [LT] We apply Theorem |U with X = G and U = L 2 {G) © (L 2 (G) © 
L 2 (G,C m )) = L 2 (G,C 2+m ). Define D(F) = W{ 2 (G) © L 2 (G) © L 2 (G,C m ) and define 
T:D(T)^n by 

0\ 

r = I / on 



Let B be the multiplication operator on L 2 {G) © L 2 (G, C 
matrix valued functions 



V 0/ 

I 



L 2 (G,C 1+m ) by bounded 



(bid) 



\b r , 



J 



Next define B u B 2 : U U by 



Bx 




and i?9 



Then 







I 


— div\ 


r* = 


















o / 



and LT 









c 


B ) 


• 




I 


— div 


I 

















Note again that LT is self-adjoint. 

The proof that Hypotheses (HI), (H3), (H5) and (H6) are valid is similar to the proof 
of Theorem 11.21 in Sectional Also (H2) follows similarly from the Garding inequality ([T]). 
It remains to verify Hypotheses (H4i), (H7i) and (H8i). 

(H4i) The only difference with (H4) is the locally exponentially doubling property, which 
follows from Proposition I2.4IH1 

(H7i) Let B be an open ball in G and let u = (ui,u 2 ,us) £ D(T) with suppn C B. Then 
j B Vui = by the argument in the proof of (H7) in Section |3j Therefore 



< fi(B) ||mi|| 2 < n(B) \\u\ 





2 




2 




2 




2 


[ Tu 




/ Ui 


+ 


/ Vui 




/ Ul 


< 


Jb 




Jb 




Jb 




Jb 
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Similarly, if v = (vi,v 2 ,Vs) G D(T*) with suppw C B then J B divt> 3 = and 

<M£) 1/2 IMI 



/ r*v 




v 2 - div v 3 




/ w 2 


Jb 




Jb 




Jb 



as required. 

(H8i) Define the operator Z: £>(Z) -> L 2 (G, C m )©L 2 (G, <D m )©L 2 (G, C" 1 ') = L 2 (G, C 2m+m2 ) 
by D(Z) = W{ >2 {G) © W/ |2 (G) © W{ 2 (G, C m ) c W and 

Z(u 1 ,u 2 ,u 3 ) = (V«i, Vw 2 , Vm 3 ). 

Let w = (wi, w 2 , m 3 ) G -D(n) D 71(11). Then there exists an element (vi,v 2 ,vs) G 
-D(n) such that (u±, u 2 ,Us) = IT(t>i, -y 2 , t> 3 ) = (v 2 — divt> 3 , vi, Vi>i) with in particular, 
«i,m 2 = G Wl 2 (^) an d ""3)^3 G -D(div). Therefore V^i = M3 G D(div) and hence 

m 

«i G TJ(divV) = D(A) = P| D(4feA,) 

fc,Z=l 

by Proposition 12.11 So m 3 = Vt>i G W{ 2 (G, C m ). This implies that u = (ux, u 2 , u 3 ) G 
D(Z). We proved that 7) (II) fl 7^(11) C D(Z), and it remains for us to obtain the 
bound \\Zu\\ + ||u|| < C a ||nu||. 
Note that 

||Zu|| 2 = ||V Ml || 2 + ||V M2 || 2 + ||Vn 3 || 2 

and 

||nn|| 2 = \\u 2 - divu 3 || 2 + IKH 2 + HVmll 2 = ||(J - AH|| 2 + |K|| 2 + ||V Ml || 2 . 
Clearly 

||V M2 || 2 = llV^f = (A^O < ||A«i|| ||«i|| < ||(7 - AKII 2 



and if Ci > 1 as in Proposition 12.11 then 

m 

\\Vu,\\ 2 = \\A k A lV ,f < CidlAuxll 2 + |M| 2 ) < 2Ci||(/ - AM| 2 . 

k,l=l 

So 

\\z(u u u 2 ,u 3 )\\ 2 <3C 1 \\n(u 1 ,u 2 ,u 3 )\\ 2 . 

Next we show that || u 2 , u 3 ) || 2 < (4Ci m 2 + 4)||II(wi, w 2 , w 3 )|| 2 . Trivially, 
||n(tti,tt2,tt3)|| 2 . Moreover, 

||divu 3 || 2 < m 2 ||VM 3 || 2 < 2C 1 m 2 ||(7- AKII 2 

and 

INI 2 < 2\\u 2 - divu 3 \\ 2 + 2|| divu 3 || 2 < (4Cim 2 + 2)||(7 - A) Vl \\ 2 . 
Also || M3 || 2 = ||Vt; 1 || 2 <||(7-AK|| 2 . 



< 



We conclude that \\Zu\\ + < C 2 ||riw|| (for a suitable constant C 2 ) as required. 

17 



Finally we prove the Poincare inequality. Jerison |Jer] proved that there exist 
c, r > such that 

/ \f ~ (f)B(r)\ 2 < cr 2 f |V/| 2 (8) 

J B{r) J B(r) 

for all r G (0,r ] and / G C°°(B{r )). Si nce C°°(G) H W^ 2 (G) is dense in W 1)2 (G) by 
Lemma 2.4 in ter Elst-Robinson [ ERT] , it follows that (JSJ) is valid for all r G (0, ro] 
and / G W 12 (G). Let i? denote the right regular representation in G and let S be 
again the modular function on G. Then 

/ \f-(f)B {x ,r)\ 2 = 5(x) [ \R(x)f-(R(x)f) B(r) \ 2 

JB(x,r) J B(r) 

<cd(x)r 2 [ \VR(x)f\ 2 = cr 2 [ |V/| 2 

JB(r) J B(x,r) 

for all x G G, r G (0,r ] and / G Wi 2 (Cr). The Poincare estimate follows by 
Remark 14.11 

Now one can complete the proof of Theorem 11.11 similarly as in Section [3] by an appli- 
cation of Theorem 14.21 □ 



5 Further results 

We have chosen to take the (left) Haar measure /i on Li{G\ fi), and the infinitesimal gener- 
ators are with respect to the left regular representation in L 2 (G; /i). Another option would 
be to choose the right Haar measure v on G and consider the left regular representation in 
L2(G; v). Then the solution to the Kato problem has the following formulation. 

Theorem 5.1 Let Oil) ... j <x m be an algebraic basis for the Lie algebra g of a connected 
Lie group G. For all k G {1, . . . , m} let be the infinitesimal generator of the one- 
parameter group t i — y L^(exptafc), where L^ R ' denotes the left regular representation in 
L 2 (G; v). For all k, I G {1, . . . , m} let bki, bk, b' k , b G L 00 (G). Assume there exist k, c\ > 
such that 

m m 

Re ( b *i A i R ^ A< i R)u ) > K ^Pf^f -ciH 2 

k,l=l k=l 

for all u G HfcLi D(A k ' R ). Consider the divergence form operator 

m mm 

h = y: (Afr b kl + x> a? + j2(4 R) r k + b / 

k,l=l k=l k=l 

in L<i{G\v), where the norm and inner product are in L<i{G\v). Suppose Re6o is large 
enough such that —H generates a bounded semigroup on L 2 {G\v). Let b G L 00 (G) and 
suppose there exists a constant Ki > such that Re 6 > Ki a.e. Then 

m 

D(VbH) = f) D{Af) 

k=l 

with equivalent norms. 
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Proof The proof is almost the same as the proof of Theorem 11.11 so we indicate the 
differences. We replace all by A k R ' . Note that for all k G {l,...,m} there exists 
a constant ft G R such that (A k ')* = ~A k where the adjoint is in L 2 {G]v). 

We take the same subelliptic distance on G. There exists a constant c > such that 
v = cd" 1 ^, where S is the modular function. (See [HRj Theorem 15.15.) Moreover, 
since S is a continuous homomorphism, there exist M,co > such that 5(x) < Me" 11 ' 1 ' 6 ' 
for all x G G. Hence by Proposition 12.31 there are c, C, A > and D' G IN such that 
cr D> < v{B{r)) < C r D> for all r G (0, 1] and v(B(t)) < C e Xr for all r > 1. (Actually, the 
natural number D' is the same as in Proposition 12. 3111111 ) Then Hypothesis (H4i) follows. 
Next consider Hypothesis (H7i). Let B be an open ball in G, let u = (ui,u 2 ,u^) G D(T) 
and suppose that suppw C B. There exists a function x £ C%°(B) such that x( x ) = 1 f° r 
all x G supp u. Let k G {1, . . . , m}. Then 

/ v4^ } Uirfz/= (t«l, (A^ R) )*x)l 2 (G;i/) = + P k I)x)L2(G-,u) = Pk / M l rfzy - 

</£ J b 

So I / B Vui dv\ < ft + . . . + ^(B) 1 / 2 \\u\\. The rest of the proof of Hypothesis (H7i) 
is similar. 

All other hypothesis have the same proof as before. □ 

One can also consider the infinitesimal generators with respect to the right regular 
representation on L 2 (G; //) or L 2 (G; v). Then the inhomogeneous Kato problem has again 
a solution. This follows from Theorems 11.11 and 15.11 by using the inversion x h-> x~ x on G. 
We leave the formulation of the two theorems to the reader. 



6 Stability 

Finally we consider stability under holomorphic perturbation. 

Let U C C be an open set, uj G [0, |) and for all ( G U let T(() be an w-bisectorial 
operator in % with domain D(T(()). Let // G (w,f)- We say that T has a uniformly 
bounded holomorphic if°°(5'°)-functional calculus if there exists a constant C > 
such that ||V(T(C))|| < C ||V|U uniformly for all ^ G #(S£) and C G U. 

Theorem 6.1 Let U C C be an open set, Ti a Hilbert space and (X, d, fi) a metric measure 
space. Let B 1 ,B 2 :U — > C(H) be bounded holomorphic functions. Suppose that the triple 
(r, -Bi(C), B 2 (C)) satisfies (H1)-(H8) uniformly for all ( 6 [/, with constants K\ and k 2 . 
Let 

If K\ k 2 \ 71 

00 = sup - arccos 71 -— + arccos 71 -— < — . 

Ce ^2V 11^(011 \\B 2 (()\\J 2 

Let fi G (u, |). Then one has the following. 

I. The operator Hb(c) ^ s uj-bisectorial operator in Ti uniformly for all £ G U. 

II. The family £ 1— > ^b(q has a uniformly bounded holomorphic H°°(S°) -functional 
calculus. 

III. For all f G E.o\°°(S°) the map ( i— > /(n^^)) holomorphic. 
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Proof Statement U follows from Proposition 2.5 in Axelsson-Keith-Mclntosh |AKM1] 
and Statement [III from Theorem 13.11 Statement II I II follows as in the proof of Theorem 6.4 
in jAKMlj . □ 



We conclude the paper by noting the following stability result. 

Theorem 6.2 Let G be the local direct product of a connected compact Lie group and a 
connected nilpotent Lie group. Let 

rn 

H = -J2 A khi A l 

k,l=l 

be a homogeneous divergence form operator with bounded measurable coefficients satisfying 
the subellipticity condition fl2]) with constant K\. Let b G L 00 (G) and suppose there exists a 
constant k,2 > such thatKeb > k 2 a.e. Letrji G (0, Ki) and i]2 G (O,^). Then there exists 
a constant C > such that the following is valid. For all k,l G {1, . . . , m} let b^i G L 00 (G) 
and suppose that 

M = sup \\(b k i(x))\\ C mx m < r] 1 . 
xeG 

Further, let b G L^iG) with ||&||oo < Let 

m 

H = -^A k {b kl + b k i) U 

k,l=l 

Then 

\\\]{b + b)Hu - VbHu\\ < C{M+ ||6|U)||Vm|| 

for alluE W[ 2 [G). 

Proof This follows as in the proof of Theorem 6.5 in |AKM1] . using Theorems 13.11 and 
Theorem 16. II with B{C) — B + C-^ for all Q G U, where U is an appropriate open set with 
[0, 1] C U C C. See also the proof of Theorem 7.2 in [BMc] . □ 

There are similar stability results for the inhomogeneous problems as in Theorem 
or with the right Haar measure or right translations. We leave the formulation to the 
reader. 
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